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INTERPRETATION IN MAPLE SYSTEM THE RUNGE
PHENOMENON AND ITS ELIMINATING

Abstract. Questions on interpolation of functions with Lagrange polynomials are
discussed. The Runge phenomenon is considered, when a sequence of Lagrange
polynomials does not converge to an interpolated function uniformly. It is shown that the
choice of roots of the Chebyshev polynomials as interpolation nodes provides more precise
approximation than the interpolation by equidistant nodes. The Chebyshev polynomials are
remarkable in sense that they admit least deviation from zero among all monic polynomials
of the same degree. Calculations and drawing graphs were performed using Maple
program.
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Introduction.Let R, [x] denotes the vector space of all real-valued polyno-
mials of degree <n defined over the set of real numbers R. The vector space of
functions defined and continuous on the interval [a,b]we denote C[a,b].

By co-norm of a function f < C[a,b] we mean ||f|| = m[a>é][f (x)}

The interpolation problem can be formulated as follows: for given real
numbers  x,,..., X,, where x¢xjfor i=j, andy,,..,y find a polynomial

p, € R,[x] suchthat p,(x,)=y,fori=0,..,n.
Methods of studying. We will use the following well-known facts.
Lemma 1. Letn>0. Then there exist polynomials L, € R,[x] such that

n

1 if i=k
L(x)=." " for allk,ie{0,...,nt. Moreover the polynomial
(%) {o, if ik, te {0} Pov

Pa(x)=>" LX)y, satisfies the interpolation conditions p,(x, )=y, for

Proof can be found in [3].In fact

102


https://doi.org/10.55956/JHOT1010
https://doi.org/10.55956/JHOT1010

Mechanics and Technology /

ISSN 2308-9865 Scientific journal

2021, No.4(74)

L X=X,
)=I1 x
i#0
as follows from Lemma 1.
Lemma 2.Let n>0. Assume that x,,...,x, are distinct real numbers (
x, = x;fori=j)and y,,..,y,are any real numbers. Then there exists a unique
polynomial p. e R, [x] satisfying conditions p,(x)=y,fori=0,..,n.
Proof can be found in [3].
Theorem 1. Let f be a real-valued continuous function defined on a closed

interval [a,b], and x [a,b] be distinct points, i=0,...,n. Then there exists a
unique polynomial

pn<x)=k”gof<xk>Lk<x> @

such that f(x)= p,(x )fori =0,...,n, where L (x) is given by (1).

Proof follows from Lemmas 1 and 2 putting y, == f(x, ),i =0,...,n.

Definition 1. The polynomial pn(x) given by (2) is called the Lagrange
interpolation polynomial of degree n for the function f(x). The distinct
interpolation points x; < [a, b]arealso callednodes, i =0,...,n.

Estimate of interpolation error. We know that values of f(x) and its
Lagrange interpolation polynomial pn(x) coincide at interpolation points
Xo s X, - HOWever, f(x) may be quite different from p, (x) at a point x not being
an interpolation point, i.e. if x = x;,i =0,...n. Thus the natural question arises:
how large may be the difference f(x)— p,(x) when x = x, ?

Assume that n>0 and f e C"*[a,b] (f has the derivative of order
n+1 continuous on[a, b]). The following theorem is well-known (see for example
[12]).

Theorem 2. Assume thatn > 0and f € C"*[a,b]. For the error |f —p,|
of interpolation the following estimation holds

M 1
_ n+ 3
max| () - p, (¥)| < (h+1) max| e, (x), ()

where M, = max xe[a‘b]‘ f (D (XX
An important question is whether or not the sequence {p,}of Lagrange

H : M n+l
polynomials converges to f asn — oo. If |im maX , c, b |a)
e (n1) e

lim max]| f(x)— p,(x) =0. In this case we say that the sequence {p, }of Lagrange

n—o xela,b
polynomials converges to f asn — oo uniformly on the interval [a,b].

Runge phenomenon. Runge phenomenon is a problem of oscillation at the
edges of an interval that occurs when using polynomial interpolation with

(x)| =0 then

n+1
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polynomials of high degree over a set of equidistant interpolation points. Consider

the function f(x):%, xe[-11]. Then the sequence of Lagrange
+5x

polynomials does not converge to f (x) uniformly if interpolation points are equally

spaced as x; = —1+£ :
n

Interpolation accuracy improving using zeros of Chebyshev polynomials. On
[-1, 1] consider functions

T,(x):= cos(narccos x). (4)

It is easy to observe that T, (x) is a polynomial of degree n defined on[—1,1]
Indeed T.(x) = x at n =1land
T,(x) = cos(2arccos x) = 2(arccos x)—1 = 2 cos?(arccos x)—1 = 2x* —1at
n=2.

Using equality cos(n +1)@ + cos(n —1)@ = 2 cos @ cos(ng) and assuming
@ :=arccos x we get the recurrent formula

L (X) = 2XT, (X) = 2XT, (X) —Tha (X)’ ®)

showing that T, (x) is indeed a polynomial of degree n.
Extrema of Chebyshev polynomials. It is clear by definition that |Tn (x)| <1
forall x e [~1,1] and alln >0 . Moreover, [T, | =max ., ,[T,(x)} =1.
The maximum value 1 of T, (x)is achieved at n+1 distinct points
x,, = cos (6)
n
m=0,...,n. This follows from (4) and the fact that |cos(t)=1] has solutions

t=7zm.
Zeros of Chebyshev polynomials. T, (x)hasn distinct roots

o * (7)

in the interval [-1, 1], where i =0,...,n—1.

Minimality property of Chebyshev polynomials. A polynomial of degree n
whose leading coefficient (the coefficient of the leading monomial x") is equal to
1, is called a monicpolynomial of degree n . It is easy to observe from (5) that the
leading coefficient of T (x) equal to2"* . Then we can construct monic

1
Lemma 3. Suppose that n>0. Among all monic polynomials of degree n

polynomials -I:n(X) = ZLT (x). Clearly, ”-':n"w =

n-1 'n
the polynomial f(x) has the smallest co-norm on the interval [-1, 1], i.e.

max

xe[-1,1] xe[-1,1]

fn(x)(s max |P, (x)

104



Mechanics and Technology /

ISSN 2308-9865 Scientific journal

2021, No.4(74)

for any monic polynomial P,(x) of degree n defined on [-1, 1].
Proof (see [3]). Let be an arbitrary monic polynomial of degree n defined on

[-1, 1]. We claim that "fn <|R.L.
. Since ”‘fﬂ

Suppose by contrary that||p,|, <
T n(x)1 =2-("D at the points given in (6).

0

T =2"0Dwe have

00

|P,(x)| < 2" Pforall [-1, 1]. Moreover,

Hence admitting the sign of fn(x) on the points x,,...,X,,the polynomial

Q,,(X):=Tn(x)=P,(x) will alternate its signsn+1 times. So Q_, admits at
least n sign changes. Hence Q, ,should have at least n roots. ButQ, , was a

polynomial of degree n—1. We get a contradiction. Lemma 3 proven.
Lemma 3 suggests that the interpolation points (nodes) x,,..., x, should be

taken as the zeros of the Chebyshev polynomial T, ,, for them will have the

smallest oo-norm on the interval [1,1] among all monic polynomials. Thus the
nodal function e, ,, will be

@y, (X) = 2_nTn+1 (X) = (X - é:O ) . '(X - gn ) (8)

with
o1
i+
&= cos—27,i=0,....n (9)
n+1

according to (7). Recall the error estimation || f — p,||of interpolation given in

Theorem 2. Assume that n>0 and f eC”*l[—l,l]. Since  (8)  implies
|leo,..]| = 27", the estimation (3) takes the simple form

M
f —p.|=max|f(x)-p, (X)|<—2L 27" 10
I = pull = max| 00— p, (9] 225 (10)
ifzeros &,,...,&, (see (9)) of the Chebyshev polynomial T, , are chosen on the
interval [-1, 1] as interpolation points, where M__, = max f ‘“*1)(x)'.
xe[-1.1

According such a property Chebyshev polynomials are called polynomials
least deviatingfrom zero.

Obtained results. The following results were obtained using Maple [4] to
interprate theoretical results mentioned above.

Being convenient for calculations by hand formula (1) is not effective for
computer  programming. Introducing the nodal function formula

o, (x)=TT",(x=x) (1) can be written in the form
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Wniq (X) .
X=X Joo,.1 (%)

Ly (X): (

Basing on this formula (1) a Maple program was prepared by the authors that
constructs Lagrange polynomials for any function f and any n and draws their

graphs.
Example 1. Consider the function f(x)=cos(x)+sin(2x) defined on the

interval [0,277]. Assume that interpolation points are equidistant: x, = 2—”i.
n
Take n=4. As Maple calculations show

8 L, 32 , 34 , 4
X)=— X"+ X° — X°+—X+1.
p4( ) 37 37t Ky 3

Note that expressions for p, (x) are very huge for increasing values of n.
For example,

ps (x)=—0.000020170538x° — 0.00810359652x " + 0.1851451483x° —
—1.589416061x° + 6.44694644x" —12.17806018x°> + 8.41909159x* —
—0.77199978x +1.

In Figure 1 you can see graphs of f(x) and p, (x) drawn by our program at
n=4.The corresponding graphs at n =8 and n=10 are depicted in Figure 2.

_f—}:l

Figure 1. The function f (x)= cos(x)+sin(2x) and its Lagrange polynomials for
n=4 (theleft panel) and n =6 (the right panel)
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Figure 2. The function f (x)= cos(x)+sin(2x) and its Lagrange polynomials for
n = 8 (theleft panel) and n = 10 (the right panel)
In Figures 3 and 4the Runde phenomenon is illustrated. You can see the

graphs of f(x)= and p,(x) drawn by using of our program on

1+5x?
equidistant gridat n=10,n=20,n=40andn=50.

The discovery of Runge was important because it shows that going to higher
degrees does not always improve accuracy.

Figure 3. Lagrange interpolation of ~ f(x)= 1 L
+

= using equidistant nodes at
X

n=10 (the left panel) and n =20 (the right panel)
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Figure 4. Lagrange interpolation of f(x)= ﬁ using equidistant nodes at
+5X

n =40 (the left panel) and n =50 (the right panel)

In Figure 5 the monicChebyshevpolynomials T~n(x) are constructing by
Maple atn = 3,4,5.

13— p=4 — =5 |

Figure 5. Polynomials T 2(x) at n=34,5.

Example 2.Revisiting Runge phenomenon. Choose the zeros of Chebyshev
polynomials given by (9) as interpolation nodes. Then on the interval [-1,1] the
Lagrange polynomial

P () =D F(&)L(x)

approximates

1
f(X)—m,X (S [—1,1]
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more precisely than the Lagrange polynomial on equidistant nodes as follows from
the estimate (10).

This fact is confirmed by our calculations in Maple. The behavior of
Lagrange polynomials are depicted in Figures 6 and 7. Compare them with Figures
3and 4.

Figure 6. Lagrange interpolation of f(x)= n L using Chebyshev nodes at
+

5x?

n =4 (the left panel) and n =6 (the right panel)

using Chebyshev nodes at

Figure 7. Lagrange interpolation of f(x): I 15 .
+5x

n = 8(the left panel) and n =10 (the right panel)

Program codes. Here are main program codes in Maple constructing
Lagrange polynomials on equidistant grids in the case of Example 1:

—d i end do:

>for i from O to # do u i=a+
>w:=1:
>forifromOtondo o := m-(x—ul.) end do:

>1 = diff (o, x) :
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>pn :=O:
(O]

>forifromOtondo p = |p, /(%) (x—u)'subs(x:u r) . end do:
i P

Graphical commands:
>

g = plot(f(x),x=a..b, numpoints = 1500, color = blue, thickness =3, legend="1") :
> = plot(pn, x=a..b, numpoints = 1500, color = red, legend = "p") :

>display(|[ g, 1], scaling = unconstrained)

In the case of Example 2 for nodes as Chebyshev polynomials’ roots we
offer the additional command for node constructions:

>for i fromOton do u; = simpliﬁ/[cos( 2.(nn+ 0 + nn—|;11 ]] end do:

Final (supplementary) remarks (the general case x < [a,b]). The linear

function x=%[(b—a)t+b+a] maps [-11] onto[a,b] Then the nodes (9) in

[1,1] are transformed into nodes 4, = %[(b —a)¢ +b+a] i=0,.,nin [ab]
Theorem 3 (see [3]). Let n>0and f eC""[a,b] Assume that the points
o1, are chosen as interpolation nodes. Then the error || f — p ||of interpolation

n+1
has the following estimation ||f—pn||s(:\]/l$ll)'(b;2aj 2", where
+1)

n

M a= maxxe[a,b]‘ f n+l(XX'

It is easy to observe that (10) is a partial case of (11) at a=0 and b =1.
Conclusion. Unfortunately, uniform convergence of the Lagrange sequence
{p,} to f asn—ooon the interval [a,b]need not to be true in general if

equidistant nodes are chosen. Sometimes the sequence M, Max,, , |, . (x| may

1
(n+1)
on the example of Runge phenomenon. Note also that the choice of roots of
Chebyshev polynomials provides the best approximation.

tend to coas N — oo faster than the sequence tends to 0. We met this fact
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H.A.A6ues, M.T. UmaH6eKoBa
M.X. Aynamu ameiHOars! Tapas eHipaik yHusepcumemi, Tapas, KazakcmaH
PYHIE KYEbI/IbICbIH }XOHE OHbI }KO0Abl MAPLE }YMECIHAE UHTEPMPETALMANAY

AHHOTaumA. HKymbicTa ¢yHKUMANApAbl JlarpaHX KenmyllenikTepiMeH XybIKTay
CypaKTapbl TasKblnaHagbl. MHTepnonaumanaHatblH GyHKUMAFA JlarpaHK Kenmylenikrepi
Ti3beri GipKANbINTbl KMHAKTaZIMaFaH *Kafdaigarbl PyHre KyOblabiCbl KapacTbipblifaH.
WHTepnonauma TyniHaepi petiHge Yebbiwes Kenmylweniktepi Ty6ipnepiH TaHaay bipaen
KaLWbIKTbIKTaFbl TYMiHAEPAEr WMHTEPNOAAUMAAAYFa CabICTbipManbl OIipeK XKyblKTayabl
KaMTamacbi3 eTeTiHi KepceTinreH. YebbiweB KenmywenikTepi 6ipaenh aspexeqeri
KeNTipinreH KenmylueniktepaiH, ilWwiHeH HengeH eH a3 aybiTKybiMeH 6enrini. Ecenteynep
MeH rpaduKTepai TypFbizy Maple 6afmapnamachl KEMerimeH yKy3sere acblpblaFaH.

TipeKk cesgep: WHTepnonauma, JlarpaHx Kenmyweniri, 6ipkanbinTbl Top, PyHre
KyOblabicbl, Yebblwes KenmyLweiri.

H.A. A6ues, M.T. UmaHbeKoBa
TapascKkuli peauoHansHell yHusepcumem um. M.X. Aynamu, Tapa3s, KazaxcmaH
WUHTEPNPETALUUA B CUCTEME MAPLEAB/IEHUA PYHTE U EFO YCTPAHEHUA

AHHOTauma. B pabote ob6cykpatoTca  BOMpocbl  MHTepnoaaumn  GyHKUMA
MHoOrouneHamu JlarpaHxa. PaccmoTpeHo fBneHWe PyHre, Korga nocnefoBaTeslbHOCTb
MHoOroyneHos  JlarpaHxa HecxoauTeA paBHOMEpPHO K WHTEpnoanpyemom
obyHKuMK.MNoKasaHo, 4To BbIGOP KOpHEeW MHorovneHoB YebbiweBa B KayecTBe Yy3/10B
WHTEPNOoNPOBaAHUA obecneunsaet bonee TOYHOE npuéanKeHue, yem
WHTepnoaupoBaHMe MO  PaBHO-OTCTAOWMM  y3nam.  MHorouneHbl  Yebbiwesa
3ameyaTesibHbl TeEM, YTO OHM HaMMeHee OTK/IOHAKTCA OT Hy/NA Cpean BCex NPUBEAEHHbIX
MHOFOYNEeHOB OAMHAKOBOW CTeneHn. BbluncieHna n noctpoeHuns rpaduKos NpoBeseHbl ¢
nomolublo Maple nporpammel.

KnioueBble cnoBa: uHTepnonauma, mHorouneH JlarpaHxka, paBHOMepHaa ceTKa,
ABneHue PyHre, mHorouneH Yebbiwesa.
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